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In this article, the translation planes of order 64 and kernel containing GF(8) that admit a 
collineation group of order 2.64 in the linear translation complement are completely 
determined. There are eight mutually nonisomorphic planes all of which are semifield planes. 
1. Introduction 
In [l], Biliotti, Jha, Johnson and Menichetti prove the following: 
Theorem 1.1. Let n be a translation plane of order q2 with kernel zGF(q) for 
q = p', p a prime. If n admits a collineation p-group % in the linear translation 
complement of order at least q2 - p then p = 2, the order is 2 - q2 and Ed i& a 
semifield plane. 
In the situation of (l.l), the plane admits a Baer involution o and an elation 
group E of order q which centralizes o. Jha and Johnson study such Baer-Elation 
planes of dimension two in [3]. Also, Biliotti and Menichetti [2] (see also 
Johnson-Rahilly [7]) consider derived semifield planes that admit affine elations. 
These planes of order q2 admit a Baer group of order q which centralizes an 
elation. 
If a translation plane 36 of even order q2 admits a Baer 2-group $% of order 2’ 
and an affine elation group E of order 2” such that 93 and E normalize each other, 
Ed is said to be a Baer-Elation plane of type (2’, 2’). Results of Jha-Johnson 
([4,5]) show if 2’ or 2’ = q then the remaining group has order ~2. 
The translation planes studied by Biliotti and Menichetti are of type (q, 2) but 
note that if the plane is not Hall then the kernel cannot be GF(q). 
The situation in (1.1) refers to certain Baer-Elation planes of type (2, q) with 
kernel zGF(q). However, up to now, the Desarguesian planes of even order give 
the only examples. 
In this article, we completely determine the translation planes of order 64 and 
kernel GF(8) which admit a group of order 2 - 64 in the linear translation 
complement. By (l.l), these planes are all semifield planes. Note also that these 
semifield planes provide the first non-Desarguesian examples of Baer-Elation 
planes of type (2, q) (for q = 8) and kernel zGF(q). 
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2. The main results 
Theorem 2.1. There are exactly eight mutually nonisomorphic translation planes 
of order 64 and kernel zGF(8) which admit a collineation group of order 2 - 64 in 
the linear translation complement (i.e. in GL(4,8)). 
Theorem 2.2. Let n be a translation plane of order 64 and kernel zGF(8) which 
admits a collineation group 9 of order 2 - 64 in GL(4,8). Represent 7d = 
{(xl, x2, ~1, ~2) 1 xi, yi E GW% i = 1, 2). Further, we may represent the spread by 
the matrix spread set x = 0: 
y=x u+v+m(vh 
[ 
fW+m(u) 
v, U I. 
x = (Xl, 4, Y = (Yl7 Y2) f or all u, v in GF(8) and f, m functions from GF(8) to 
GF(8). 
The following table gives the functions f and m which represent the eight 
mutually nonisomorphic translation planes of (2.1). Let GF(8) = GF(2)[a] such 
that a3 = CY + 1. 
Table 1. The eight isomorphism classes 
Class f(x) m(x) Remarks 
I 
II 
III 
IV 
V 
VI 
VII 
VIII 
x 0 
X2 x2+x4 
X4 x2+x4 
dX4 (yx+x2+a3x4 
&X2 mr+x=+c2x4 
X 2x + x2m4 
x+dx2+c%x4 a3x+x2+cYx4 
x+x2+(u4x4 a3x+x2+ax4 
Desarguesian plane 
full group modulo the kernel 
of order 3.2.8’ 
full group 9 modulo K of 
order 3 .2.8* 
(u3=~+1; 19/KI=2.8’ 
transpose of V 
(Y~=LY+~; 19/KI=2.8’ 
transpose of IV 
a3=cu+1; IS/KI=2.8’ 
d=cu+l; 19/KI=2.8’ 
~u~=(~+l; 19/KI=2.8* 
3. Background and proofs 
In this section, we assume that n satisfies the hypothesis of (2.2). That is, ;rd is a 
translation plane of order 64 and kernel K = GF(8) which admits a linear group 
of order 2.64. 
Lemma 3.1. n is a semifield plane. 
Proof. (1.1). Cl 
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Lemma 3.2. IC may be represented by {(x1, x2, yl, y2) 1 xi, yi E GF(8), i = 1, 2) 
with matrix spread set 
x = 0: 
[ 
u + v + m(v), f(v) + m(u) 
y=x 
v, u 1 
for x = (x1, x2), y = (yI, y2) for all u, v E GF(8) and functions f, m : GF(8) + 
GF(8). Further, m is an additive function such that m( 1) = 0 and f is additive and 
1 - 1. The group %= (E, X) where 
I 
u + v + m(v), f(v) + m(u) 
E= v, u ‘I u, vEGF(8) 0 Z 
(the elation group with axis x = 6’) and 
(t is a Baer involution). 
Proof. See Jha-Johnson [3], Johnson [6], and Biliotti-Jha-Johnson-Menichetti 
PI- 
Since the plane is a semifield plane, f is additive and since 
u + m(u), f(v) 
v, 0 1 
is nonsingular or zero, f is 1 - 1. •i 
Lemma 3.3. Referring to (3.2), m(x) = rnox + m1x2 + m2x4 where m, = m, + m, 
andf(x) =fdr +fIx2+f2x4. 
Proof. m, fare additive so apply Vaughn [8]. Note m(1) = 0 so m, = ml + m2. 
In order to determine the functions m and f, we consider how a basis change 
can affect these functions. We change the basis by a matrix of form u= 
A 0 
c I 6 B 
for A, B 2 x 2 matrices over GF(8). We assume that u centralizes 
l1 
0 
8 
1 
r= I--- 0 1 1 so 0 1 
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Lemma3.4. A=[: I:], B=[: bb:]fora,,bi~GF(8),i=1,2. 
Letting aI = 1, let 
1 a2 
0 1 
0 
o= H-l 0 b, bz . 0 6 
Let 
Then 
1 uz 
(T- ‘go = 
I 
[ Ii 0 1 
0 I 1 
c I (“+l’L-/““L , ,- rrc\~, 7 a,v)bl (f(u) + m(u) + w)b, + 2 (u + v + m(v) + a,v)b, = 
1 
vb, 
ub, + ub, 
0 I 4. 
Lemma 3.5. Letting t = vbI , s = vb2 + ubl then 
(1) the (1, 3) entry of a-‘go is 
s + t + t(az + b;‘b, + mO) + t2(b;‘mI) + t4(bT3m2). 
Proof. v = tb;‘, u = (s + vb,)b;’ = sb;’ + tb;‘bz. Then 
(U + v + m(v) + u,v)b, 
= (sb;’ + tbF2b2 + tb;’ + m(tb;‘) + a2tb;‘)bl 
= s + t + t(b;‘b, + u2 + mo) + t2(mIb;‘) + t4(m,bT3). U 
Since m, = m, + m2, we may consider under a basis change the function f, ti 
where 
B(x) = (a2 + b;‘b, + m, + m&x + (b;lm,)x’ + (bT3)_x4. (3.6) 
Lemma 3.7. (1) Either ml = 0 or we may assume that ml = 1 where m(x) = 
(m, + m2)x + m1x2 + mzx4. 
(2) If ml = 0 then m, = 0 or we may choose m2 = 1. 
Proof. In (3.6), either m, = 0 or we may recoordinatize so that b, = m, and 
a, + b;‘b, + m, + m2 = b;‘mI + bF3m 2, since a2 and 6, are free variables. This 
proves (1). q 
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If m, = 0 then since Jby3) = jbl], we may choose br3m2 = 1 if m2 # 0. If m2 # 0, 
a2 + b;’ + m2 = bF3rn2 for some choice of a2, b2. 
Lemma 3.8. Returning to the matrix a-‘go before (3.59, the (1, 4)-entry is, for 
t=vbI, s=vbZ+ubI 
(fo + b;‘b$ + b;‘b,)t 
+ (f,b;’ + bT3b2 2m1 + bT2b2mI)t2 + (b13f2 + bim2 + bT4b2m2)t4 
+ (ml + m2 + a2 + b;lb2)s + (b11ml)s2 + (bL3m2)s4. 
Proof l 
(f(v) + m(u) + a,u)b, + (u + v + m(v) + a2v)b2 
= (f (tb;‘) + m(sb;’ + tbT2b2) + a2(sb;’ + tbT2b2))bI 
+ (sb;’ + tbT2b2 + tb;’ + m(tb;‘) + a2tb;‘)b2 
= (fo + m,,b11b2 + a,b;‘b, + b12bi + b;‘b, + m0b;‘b2 + a,b;‘b,)t 
+ (fib;’ + bT3b$ml + bT2b2ml)t2 
+ (bT3f2 + bT7b;m2 + bT1b2m2)t4 
+ (m,, + a2 + b;‘b,)s + (b;‘ml)s2 + (bT3m2)s4. q 
Lemma 3.9. Let GF(8) = GF(2)[a] where a3 = a + 1. 
Zf trace fo = 1 then there exists an element c E GF(8) so that fo + c + c2 = 1. 
Zf trace f0 = 0 then there exists an element d E GF(8) so that f. + d + d2 = 0. 
Proof. The trace f. = 1 iff f0 = 1, a’, (Y’, a6. For f0 = 1 let c = 0, f0 = a3 let c = a?, 
f0 = a5 let c = (Ye and f0 = a6 let c = LX’. 
Then trace f0 = 0 iff trace (fo + 1) = 1 so (3.9) is proved. 0 
Lemma 3.10. We may always assume that fo = 0 or 1. 
We now may assume that initially the functions m, f are such that ml = 0 or 1 
and f0 = 0 or 2 independent of each other. Note if f0 = 0 then fl or f2 must be 0 
since f(x) is 1 - 1. 
Lemma 3.11. Zf ml = 0 then 
(1) for s = 0 the equation in (3.8) becomes 
(fo + bT2b2tb;‘b2)t + (f,b;‘)t2 + bT3f, + bim2 + bT4b2m2)t4. 
(2) Zf also m2 = 0 then we may obtain the t-coefficient f0 to be 0 or 1. Zf & = 1 
then fl = 0 if7 f2 = 0. Zf fl f 0 then fi may be taken to be 1. 
(3) Zf m2fO ( an d ml = 0), m2 may be taken to be 1. 
(4) In either case (2) or (3), ifJ;b = 0 then fi or f2 = 0 and one iffl, fi # 0. 
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Proof. (2) If & = 1 and fi = 0 then x2 +&x4 is 1 - 1 iff fi. = 0. Similarly, f2 = 0 iff 
fi = 0. Note if m, = 0, no restriction is initially placed on bi. 
(3) If m2 # 0, m, = 0, choose bI so that m2 = 1 using (3.5). Cl 
Lemma 3.12. To determine isomorphic planes, it suffices to consider the following 
possibilities for 
and 
m(x) = (ml + m2)x + m1x2 + m2x4 
Remarks 
la 0 1 0 0 #O 
2a 0 1 0 #O 0 
lc 011 -- fi=oGfi=o 
2a 0 0 0 0 1 
2b 0 0 0 1 0 
2c 0 0 1 0 0 fi=oef2=o 
2d 0 0 1 1 nonzero fi # Oefi # 0 
3a 1-o 0 #O 
3b 1 - 0 #O 0 
3c l-l -- 
The next step uses the computer to check when the 
Det 
[ 
u + v + mW7 f(v) + m(u) 
v, u 1 
is nonzero for the situations k, i for k = 1, 2, 3, i = a, b, c. 
The program uses the Prime system and the Pascal language. However, it 
would be a straightforward problem to use any system once the functions f and m 
have been constrained to the type given in the previous lemmas. 
The computer printout listed the following functions f, m (see page 75). 
The cases l.a,b,c, 2.a,b do not give rise to spreads. 
Lemma 3.14. The three translation planes of the individual classes involving three 
sets of functions f, m are isomorphic. 
Proof. Consider the isomorphism 
(4 Y) s (x27 Y2). 
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Table 2. (3.13) 
Class f(x) m(x) Remarks 
I (2.c) 
II (3.b) 
III (3.a) 
IV (3.a) 
V (3.b) 
VI (3.c) 
VII (3.c) 
VIII (3.c) 
x 0 Desarguesian 
plane 
Then 
(x, cx[; “;)])-(xY[; “$)2]Ey=x[~ *$)*]). 
Letting u2 = v, the corresponding m function fi is defined by m(v4)2 = m(v). 
Similarly, 
Letting v2 =s, f(~~)~, we obtain the corresponding f function f, defined by 
f(P)” =f(s). 0 
Class IV. 
If f(x) = (YY, m(x) = ax + x2 + &+x4. Then 
f(x) = d(X4)2 = ( ,,1’72 = &2X4 = (y5x4. 
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rqx) = m(x”)” = (ax” + x8 + aq 
= (u*x + x2 + a6x4. 
Applying u2 then, we obtain the functions f *, m* where 
f*(x) =f(x”)” = (Cr5x16)2= (u3x4, 
and 
m*(x) =*(x4)’ = (&*x4 +x8 + &xl’) 
= CX4x + x2 + 2x4. 
Class v. 
Similarly, 
( (Y6x8y = a5x2 
and 
( a5x8)2 = a3x2. 
and 
(&X4 + x8 + Cx3x16)2 = cu2x + x2 + &x4 
( (Y*x4 + x8 + ,6xi6)z = a’x + x2 + Cx5x4. 
The same argument applies to classes VI, VII and VIII and will be left to the 
reader to verify. 
We also may easily see 
Lemma 3.15. The planes of classes II or III admit the collineation group 
((x7 Y)+ (x29 Y’)). 
4. The collineation group and isomorphisms 
Let n be one of the non-Desarguesian semifield planes listed in Tables 2. Let 9 
denote the full collineation group. 
Lemma 4.1. Represent Ed by {(x1, x2, y,, y2) 1 xi, yi E K, K = GF@), i = 1, 2) and 
the spread by x = 0, 
y=x 
[ 
u + v + m(v), f(v) + m(u) 
v, u I- 
Then 
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Proof. Since ITL(4, 8)/GL(4, S)] = 3, the group 9 of order 2 - 8* is normal in 9. 
(4.1) then follows from Biliotti et al. [l] (see Section 4). 
Furthermore, Biliotti et al. [l] show that 
where K* denotes the kernel homologies and H denotes the ((m), y = O)- 
homologies. And, ]H( ( q - 1 and <q - 1. Since q - 1 = 7, IH] = 1 or 7. However, 
if JH] = 7 then since H represents a field, it must be that 
as H must leave invariant the Baer subplane pointwise fixed by 
1 1 
1 0 
6 [HI 0 1 1 . 0 1 
Thus, m(x) = 0, which cannot be the case. Thus, 
Lemma 4.2. 9 fl GL(4,8) = $9 - K*. 
Since the planes are all semifield planes, any isomorphism between two of these 
planes must have the form 
where u E Aut K and A, B are nonsingular 2 X 2 matrices. 
Since (x, y) + (x2, y2) is either a collineation group or permutes the elements of 
each class of Table 2, we may consider o = 1 in lY 
Letting A = [I: I:] and B = [,“: ,“I] and applying (4. l), it follows that A 
and B centralize 
1 1 
[ 1 0 1 and thus a, =a4, a3=0, b, = b4, and b3=0. 
Furthermore, .%E of one plane must map under r to 93E of the other. That is, 
where v depends on u and m, Ci refer to the possibly different m-functions of the 
planes. 
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Thus, 
Lemma 4.3. e(s) = s(bF1b2 + a;‘~,) + m((~b~‘a~))~~‘b, and 
f(s) = 4bh)( u,u;2b, + blupz~‘) + m(b;‘u&;‘(bl + 6,) 
+ u;lblf(b;‘uls) 
where n 5 ji, Ed is represented by f, m and 5 is represented by f, fi. Using (4.3), 
it is straightforward to verify that there are no isomorphisms between classes. For 
example, to see that a plane of class II cannot be isomorphic to one of the class, 
let m(x) =x2 +x4. 
Then in order to obtain a term x2 (with coefficient 1) in m(x), we must have 
b;‘ul = 1 or a, = b,. However, we then obtain L%(S) = s(b;‘(b2 + u2)) + m(s), so 
the only possible image would be the plane of class III and b2 = u2. 
SO 
f(s) = s(bzbT2 + b,b;‘) + m(s)u;‘(b2 + b,) +f(s). 
With f(s) = s2, in order to obtain T(S) = s4, it must be that b2 = bl. However, 
then f(s) =f(s). 
To see that the planes of the other classes cannot be isomorphic, let 
m(x) = a’x +x2 + &x4. Then, using (4.3), 
m(s) = x(b;‘b2 + a,~;‘) + cu’x + (b&)x2 + aj(b;‘cQ3x4, 
so that b;lul = 1. Then 
e(x) = x(b;‘(bz + u2) + ai) +x2 + ah4 
and 
p(x) =x(u2bT2b2 + by’u, + a”‘(b;‘(bl + b2)) 
+ b;‘(b, + b2)x2 + &(b;‘(b, + b2))x4 +f(x). 
By referring to Table 2 for the values of i, j and for f(x), it is easy to show that 
there are no isomorphisms. We shall leave these verifications to the reader. 
It is similarly trivial to verify that the collineation groups are as listed in Table 1 
(see (4.2)) and that the planes are all self-transpose with the exception of classes 
III and IV. 
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